We study the time evolution of holographic subregion complexity (HSC) in Vaidya spacetime with dS boundary. The subregion on the boundary is chosen to be a sphere within the cosmological horizon. It is found that the behaviour of HSC is similar to that in cases with flat boundary. The whole evolution can be divided into four stages: First, it grows almost linearly, then the growth slows down; After reaching a maximum it drops down quickly and gets to saturation finally. The linear growth rate in the first stage is found to depend almost only on the the mass parameter. As the subregion size approaches the cosmological horizon, this stage is expected to last forever with the subsequent three stages washed out. The saturation timet sat depends almost only on the subregion sizeR ast sat = tanh −1 (R) which is linear inR whenR is small but logarithmically divergent asR approaches the cosmological horizon.
Introduction
In past decades, with the idea of AdS/CFT or the more generic holographic principle [1] [2] [3] , physicists are trying to build a bridge connecting gravity and other areas of modern theoretical physics, such as condensed matter physics (CMT) [4] [5] [6] [7] [8] , QCD [9] [10] [11] , cosmology [12] , quantum information theory (QIT) [13] [14] [15] and etc. It is hoped that this bridge may help us get insights into both the strongly coupled problems in the quantum field theory (QFT) side as well as the origin of spacetime in the gravity side. After decades' efforts, several precise correspondences between the two sides are proposed. Recently, Susskind and his collaborators conjecture that complexity of the boundary QFT may be related to the interior geometry of black hole in the gravity side [16] . In QFT (or QIT), complexity of a target state is an important concept defined as the minimum number of unitary operators (or gates) needed to prepare the state starting from some reference state (for example the vacuum). So far, this conjecture has been refined into two concrete proposals, namely the CV (complexity=volume) and CA (complexity=action) conjectures. In the CV conjecture, complexity of a state living on a time slice Σ of the boundary equals to the extremal volume of a codimension-one hypersurface B in the bulk ending on Σ at the boundary [17] , that is 1) where G N is the gravitational constant and R is some typical length scale of the bulk geometry, for example the AdS radius or the horizon radius. While the CA conjecture states that complexity of a state equals to the on-shell gravitational action evaluated on the so-called Wheeler-DeWitt (WDW) patch of the bulk spacetime [18, 19] . Each conjecture has its own merits and demerits respectively [20] . Inspired by these ideas, an amount of work are raised to study the holographic complexity for various gravity models to check these proposals . The above two conjectures are for the whole boundary system which both are then extended to be defined on subsystem respectively in Refs. [64] and [52] later, and they are now called holographic subregion complexity (HSC). The subregion CV proposal is a natural extension of the well-known Hubney-Rangamani-Takayanagi (HRT) holographic entanglement entropy (HEE) conjecture [65, 66] . Namely, complexity of a subregion A of the boundary system equals to the volume of the extremal codimension-one hypersurface Γ A enclosed by A and the corresponding Hubney-Rangamani-Takayanagi (HRT) surface γ A [65, 66] , that is
where L is the AdS radius. Later studies suggest that it should be dual to the fidelity susceptibility in QIT [64, 67] . While in the subregion CA proposal, complexity of subregion A is given by the on-shell gravitational action evaluated on the intersection region between WDW patch and the so-called entanglement wedge [68, 69] . Also, lots of work and effort have been devoted to understand the holographic subregion complexity [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] .
On the other hand, in the so-called "holographic thermalization" topic, the AdS/CFT duality has been applied successfully to study the physics in non-equilibrium processes, especially the thermalization process of hot QCD matter which is strongly coupled and produced in heavy ion collisions at the Relativistic Heavy Ion Collider [11, [88] [89] [90] . According to the AdS/CFT dictionary, the thermalization process in the boundary QFT system is dual to a black hole formation process in the bulk which can be modelled simply by a Vaidya-like metric. There are already lots of work on this topic and many interesting results are obtained. For more details on this topic, please refer to the review [91] and references therein.
Complexity in the holographic thermalization process is also studied to investigate its time evolution behaviours under thermal quench. In Refs. [54, 55] , by applying the CV and CA conjectures, it is found that the late time growth of holographic complexity in the Vaidya spacetime is the same as that found for an eternal black hole. In Ref. [82] , the time evolution of subregion complexity is studied in the process with the subregion CV conjecture. And the results show that the subregion complexity is not always a monotonically increasing function of time. Actually, it increases at early time, but after reaching a maximum it decreases quickly and gets to saturation finally. For other related work, please see Refs. [83, [92] [93] [94] [95] However, it should be noted that the boundary QFTs considered in the above mentioned work are usually living on the flat Minkowski spacetimes. It would be interesting to generalize the discussions to more realistic situations where QFTs lives on curved spacetimes, which may hep us to understand the extremely hot and condensed physics such as in the very early universe. Several holographic models of the quantum field theory in curved spacetimes (QFTCS) have already been proposed in de Sitter (dS) spacetime and other cosmological backgrounds (please refer to the review [96] for details). Here we would like to mention the work done in Ref. [97] , where an interesting holographic model was built to relate the QFTs living on the dS boundary to the bulk Einstein gravity. Employing this model, the thermalization process of QFTs in dS spacetime is studied holographically in Ref. [98] . By applying the holographic entanglement entropy as a probe, the whole thermalization is found to be similar to the flat boundary case [99, 100] and can be divided into a sequence of processes. Moreover, the saturation time is found to depend almost only on the entanglement sphere radius. When the radius is small, the saturation time is almost a linear increasing function of the radius, as expected to coincide with the result of the flat boundary case at this time [91] . However, when the radius becomes larger and larger to approach the cosmological horizon, the saturation time blows up logarithmically. Later, the study is extended to include the effect of higher-derivative terms, such as the Gauss-Bonnet correction [101] . And it is found that increasing the Gauss-Bonnet coupling will shorten the saturation time. Please also refer to Refs. [102] [103] [104] for other related work on AdS/CFT with dS boundary.
As the deep connection between holographic entanglement entropy (HEE) and holographic subregion CV (HSCV), it would be interesting to study the time evolution of subregion complexity in the thermalization process of the QFTs living on dS spacetime within the above model. It is natural to ask the following questions: How the existence of the cosmological horizon affects the behaviour of HSCV? Whether the time evolution behaviours of HSCV can be used to describe the the whole thermalization process? Is there any difference between behaviours of HSCV and HEE? The main goal of this work is trying to address these questions.
The work is organized as follows. In the next section, we will give a brief review of the holographic model of QFTs in dS spacetime proposed in Ref. [97] , including the Vaidya-like solution. Then in Sec. III, we study in detail the time evolution of HSCV in the thermalization process. Due to the complication of the equations needed to solve, we rely mainly on numerical calculations. The final section is devoted to discussions and summary.
Gravity solutions with dS boundary
In this section, following Refs. [98, 101] , we will briefly review the bulk solutions in Einstein gravity with a foliation such that the boundary metric corresponds to a de Sitter spacetime. Three relevant solutions will be presented, including a vacuum AdS, a static AdS black hole and its Vaidya-like cousin.
Action
We consider (d + 1)-dimensional Einstein-Hilbert action as follows
where G N is the Newton constant and Λ negative cosmological constant. The action gives the following equations of motion
For asymptotically AdS spacetime, the metric can be written in the FeffermanGraham form [105] 
where L is the AdS raduis related to the cosmological constant as Λ = −
2L 2 . The dual quantum field theory lives at the conformal boundary z = 0 with a metric ds
In this paper, we are interested in cases where the boundary metric ds 2 Σ corresponds to a dS spacetime in certain coordinates.
AdS vacuum solution
The equations of motion (2.2) admit an AdS vacuum solution as
The conformal boundary locates at z = 0 with conformally reduced metric 5) which is just the dS spacetime in the static patch with a cosmological horizon at r = 1/H, where H denotes the Hubble constant. The AdS vacuum solution is dual to the vacuum state of the dual QFT with the latter can be taken as the well-known Bunch-Davis or Euclidean vacuum. For a geodesic observer sitting at r = 0, the Bunch-Davis vacuum appears to have temperature T dS = H/2π natural for the existence of the cosmological horizon.
AdS black hole solution
The equations of motion (2.2) also admit an AdS black hole solution with the dS boundary (2.5)
The event horizon z + is given by the largest positive root of h(z). The mass parameter m can be written in terms of the horizon as
The Hawking temperature of the black hole is
It should be noted that the zero temperature limit of the black hole solution (2.6) is the not the solution with m = 0 which is isometric to the AdS vacuum solution (2.4). Actually, the zero temperature limit of the solution has the smallest horizon radius and most "negative" mass as
This means that when the mass is negative in the range 0 > m > m ext , the black hole still has a regular horizon and reasonable thermodynamics. This is a typical behavior of topological black holes.
Holographically, the black hole solution is dual to the QFT on the static patch of dS spacetime at the temperature given by Eq. (2.8). Note that this temperature does not have to be the same as the dS temperature T dS . For more discussions on this point, please refer to Ref. [98] .
Vaidya-like solution
Our aim is to study the holographic thermalization process of the dual QFT under quench. This process can be simply described holographically by a Vaidya-like geometry in the bulk.
Going to the Eddington-Finskelstein coordinates and introducing a time-dependent mass parameter, from the black hole solution one can obtain its Vaidya-like cousin as
External source should be introduced to maintain the equations of motion 11) which implies that the infalling shell is made of null dust. We take the form of the mass function as 12) where M > 0 is the total mass of the dust shell and v 0 of its thickness. Then the solution describes the collapsing of the null dust shell from the boundary into the bulk to form a black hole. At the QFT side, it corresponds to a sudden global injection of energy into the system and then let it evolve from the Bunch-Davis vacuum to a thermal state with T > T dS .
Holographic entanglement entropy and subregion complexity
In this section, by applying the holographic subregion CV (HSCV) (1.2), we will study the time evolution of holographic subregion complexity in the thermalization process which is described by the Vaidya-like geometry holographically.
On the boundary at timet, taking into account the symmetry of the Vaidya-like metric (2.10), it is convenient to choose the subregion A to be a (d − 1)-dimensional sphere centred atr = 0 (r ≡ Hr) with raduisR. According to the conjecture (1.2), the holographic subregion complexity of A is given by the extreme volume of the codimension-one hypersurface Γ A enclosed by A and its corresponding HRT surface γ A . So, to study the holographic subregion complexity, we should first find the HRT surface γ A whose area gives the holographic entanglement entropy.
Holographic entanglement entropy
Considering the symmetry, the HRT surface γ A in the bulk can be parameterized by functions z(r) and v(r), with the boundary conditions
where is an UV cutoff constant. At the tip of the HRT surface, taking into account the symmetry, we have
where (z * , v * ) are two parameters labelling the location of the tip and the prime denotes derivative with respect tor. The induced metric on γ A is
3)
The holographic entanglement entropy functional is given by the area of the HRT surface
To find the extreme value of this functional, we need to solve the two equations of motion, which can be obtained by varying the functional and are rather complicated
To avoid symbol confusion, we denote the solution of the above two equations as (v 0 (r), z 0 (r)) which parameterize the HRT surface. The relation between v and z on the HRT surface, denoted as v 0 (z), can be obtained by eliminating the parameterr from the two functions. Generally, the HEE (3.4) is ultra-divergent. To remove the divergence and for convenience, we define a normalised HEE aŝ
where S AdS is the HEE for the same subregion A in pure AdS geometry. And
,R 2 is the volume of the subregion A 1 . So,Ŝ can be seen as a normalised entanglement entropy density.
Holographic subregion complexity
Due to the spherical symmetry, the co-dimension one extreme hypersurface Γ A , enclosed by A and the HRT surface γ A , can be parameterized by function v = v(z,r). The induced metric on Γ A is
According to the HSCV proposal (1.2), the holographic subregion complexity functional of Γ A is
where v z ≡ ∂v ∂z and vr ≡ ∂v ∂r
.
To extremizing the HSCV functional, we need to solve the equation of motion which can be obtained by varying the functional with respect to
(3.10)
At first glance, it seems difficult to solve the above equation. However, it is interesting to note that v(z,r) = v 0 (z) is just the solution (Here we would like to emphasize again that v 0 (z) is just the function giving the relation between v and z on the HRT surface), which can be checked directly by plugging v 0 (z) into the equation. This simply means that Γ A is just formed by dragging the HRT surface γ A along ther direction. Similar feature has already been observed in flat boundary case with strip subregion in Ref. [82] . As HEE, HSC is also ultra-divergent, so we can also define a normalised HSC density asĈ
where C AdS is the HSCV for A in pure AdS geometry.
Numerical results
Having set up the general frame work of HEE and HSCV, now we are ready to study the time evolution of HSC in holographic thermalization. Due to the complication of the equations needed to solve, we rely on numerical method. And for convenience, we set the AdS radius L = 1.
General behaviours
In Fig. 1 , we plot the time evolution of normalised HSC densityĈ for variousR with fixed spacetime dimension. From the figure, one can see that the time evolution ofĈ is not a monotonically increasing function of the time. Rather, it can be divided into four stages: After quench, firstly it grows quickly and almost linearly, then the growth slows down; After reaching a maximal valueĈ max it starts to drop down fast,and shortly after the drop down stops and it saturates to a constant valueĈ sat finally. Moreover, it is interesting to note that the final saturation constant may be negative, which means that the final value of the complexity may be smaller than its initial value. These behaviours are very different from that in CV or CA conjectures, where the complexity is always a monotonically increasing function of time [54, 55] . Similar behaviours have been observed in flat boundary cases with strip subregion [82, 92] , indicating universality of the behaviours. From Fig. 1-3 , one can see that the maximal valueĈ max depends on the subregion sizeR, the spacetime dimension (d + 1) and the mass parameter M . IncreasingR or M will yield a biggerĈ max , while increasing the dimension will, on the contrary, lower the maximal value.
Moreover, one can also see that the final saturation constantĈ sat also depends on (R, d, M ) but in a more complicated way. 
Linear growth stage
Let us focus on discussing the first stage whenĈ grows almost linearly in time, i.e., 12) where A is the proportional constant which may depend on (R, d, M ). From Fig. 1-3 , one can see that A is nearly independent ofR and d; While it strongly depends on M . By fitting the numerical data, it is found that A ≈ 0.4M . From Fig. 1 , one can also see that larger the subregion sizeR is, longer time the linear growth stage lasts. It is expected that asR approaches the cosmological horizoñ r = 1 to cover the entire boundary space, the linear growth stage will last forever which agrees well with the CV conjecture. We can see this point more clearly in Fig. 4 where we take d = 2 case as an example. We will give more evidences on this point later. 
Saturation time
In Refs. [35, 98] , one defines the saturation time as the time HEE approaches a constant. Similarly, for the complexity, we can also define a saturation timet sat as the timeĈ reaches its saturation constantĈ sat .
In Fig. 5 , we plot the time evolution of the two observables,Ŝ andĈ to make a comparison. From the figure, we can see the well-known fact thatŜ is always a monotonically increasing function of time. Moreover, from In Fig. 6 , the saturation timet sat forĈ as a function of the subregion sizeR is plotted. The numerical results can be well fitted by the functiont sat = tanh −1 (R),
as for the HEE [98] . It is interesting to note that thet sat is just the time light takes travelling from the originr = 0 to the boundary of the subregionr =R.
2 From the figure and the fitting, one can easily see thatt sat is linear inR whenR is small; However, asR approaches the cosmological horizonr = 1, the saturation time diverges logarithmically and thus the linear growth stage will also last forever, as we already mentioned above. 
Summary and Discussions
In this work, we consider the holographic model of thermalization process for QFTs in dS spacetime. By applying the holographic subregion CV conjecture, we study the time evolution of subregion complexity under quench. The subregion A is chosen to be a sphere on the boundary time slice. The dual extremal codimension-one hypersurface Γ A in the bulk, whose volume gives the complexity of A, is found to be simply swept out by the HRT surface along ther-direction. The whole time evolution of subregion complexity can be divided into four stages: It first increases almost linearly; Then its growth slows down and after reaching a maximum it starts to drop down quickly, and shortly after the drop down stops and it gets to saturation finally. This picture is similar to that in flat boundary cases but with a strip subregion [55, 92] . This implies that the time evolution behaviours of subregion complexity are very general, and is independent of the subregion shape and the cosmological horizon.
The linear growth rate in the first stage is found to almost only depend on the mass parameter. As the subregion size approaches the cosmological horizon, this stage is expected to last forever, and as the HEE the saturation time is logarithmically divergent. The saturation time is found to depend almost only on the subregion sizeR, and their relation can be well fitted by the functiont sat = tanh −1 (R). It is interesting to note that thet sat is just the time light takes travelling from the originr = 0 to the boundary of the subregionr =R. The underlying physical meaning of this fact needs further investigation.
In this work, we only consider the HSCV conjecture. It is interesting to check whether general behaviours of subregion complexity still holds for other conjectures, for example the holographic subregion CA. In Ref. [101] , using HEE as a probe we show that including the Gauss-Bonnet correction will shorten the saturation time. It is also interesting to see how the higher-derivative terms affect the time evolution of subregion complexity. We leave these questions for further investigations.
